E-polynomials of $PGL(2,\mathbb{C})$-character varieties of surface
  groups by Martinez, Javier
E-POLYNOMIALS OF PGL(2,C)-CHARACTER VARIETIES OF SURFACE
GROUPS
JAVIER MARTI´NEZ
Abstract. We compute the E-polynomials of the PGL(2,C)-character varieties associated to surfaces
of genus g with one puncture, for any holonomy around it, and compare it with its Langlands dual case,
SL(2,C). The study is based on the stratification of the space of representations and on the analysis
of the behaviour of the E-polynomial under fibrations.
1. Introduction
The non-abelian Hodge correspondence for a smooth complex algebraic curve X of genus g stablishes
isomorphisms between three moduli spaces: the moduli space of G-Higgs bundles on X MDol(G), the
moduli space of flat G-connections MdR(G) and the character variety or Betti moduli space MB(G),
where in this paper G = SL(n,C), GL(n,C), PGL(n,C). They are homeomorphic and the cohomology
of these spaces has mainly been studied from the perspective of MDol; the Poincare´ polynomials were
computed in [14] for G = SL(2,C), in [8] for G = SL(3,C) and recently a solution for all n has been
obtained [25] [22], as well as recursive formulas for the motive of the moduli of Higgs bundles [7].
A key aspect is that the Riemann-Hilbert map taking a flat connection to its monodromy is not
algebraic, which is reflected in the fact that the mixed Hodge structure on the cohomology of the
character variety is different from the Dolbeault and de Rham cases, where they are agree and are pure
[11]. A explanation of this phenomenon in terms of the perverse filtration associated to the Hitchin map
was conjectured and proved for n = 2 in [3]. Motivated by mirror symmetry considerations [12], Hausel
and Rodriguez-Villegas [10] computed the E-polynomials of MB for G = GL(n,C), a specialization of
the mixed Hodge polynomial that is built from the mixed Hodge numbers of the variety. Their method
was arithmetic and produced generating functions for the E-polynomials based on the count of points of
MB over finite fields, due to a theorem of Katz. Following similar ideas, Mereb dealt with the SL(n,C)
case in [21], and the case of a punctured Riemann surfaces with semisimple conjugacy classes at the
punctures for G = GL(n,C) was treated in [9]. Recently, Baraglia and Hekmati have provided explicit
formulas for G = SL(2,C), GL(2,C) and SL(3,C), GL(3,C) for several finitely generated groups using
also arithmetic methods [1], and the case of wild character varieties has also been studied by Hausel,
Mereb and Wong [13].
A different approach to the problem was started in [17] for G = SL(2,C) and the low genus cases
g = 1, 2, motivated by explicit descriptions [23] of other character varieties. The technique was geometric
and it was based on the study of the behaviour of the E-polynomials for fibrations which are locally trivial
in the analytic topology, but not in the Zariski topology. Explicit stratifications of the representation
spaces using trace maps were also used. Their main results were explicit formulas for the E-polynomials
of character varieties of punctured Riemann surfaces of genus 1, 2 where the monodromy around the
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puncture is arbitrary, not necessarily semisimple. The techniques were used in [18] for two punctures
and in [2][16] for free groups, and they were later developed in [19] to deal with fibrations over bases of
complex dimension two, where the case g = 3 was solved. Finally, in [20] the arbitrary genus polynomials
were obtained inductively and formulas generalizing the results of [17],[19] were given. The behaviour
of the E-polynomial of the parabolic character variety,
Mλ(SL(2,C)) = {(A1, B1, . . . , Ag, Bg) ∈ SL(2,C)2g |
g∏
i=1
[Ai, Bi] =
(
λ 0
0 λ−1
)
}//SL(2,C)
when λ varies in C− {0,±1} was crucial, and it was encoded in a polynomial R(Mλ) with coefficients
in the representation ring R(Z2 × Z2), the Hodge monodromy representation.
In this paper, the same approach is used to determine the E-polynomials of PGL(2,C)-character
varieties of punctured Riemann surfaces with arbitrary monodromy at the puncture. That is, for any
C ∈ SL(2,C), the character varieties that we will consider are the spaces
MC(PGL(2,C)) = {(A1, B1, . . . , Ag, Bg) ∈ PGL(2,C)2g |
g∏
i=1
[Ai, Bi] = C}//Stab(C)
which are Z2g2 -quotients of the corresponding SL(2,C)-character varieties, given by the action by multi-
plication of the square roots of unity on each matrix element, i.e. MC(PGL(2,C)) =MC(SL(2,C))/Z2g2 .
The main results are the following:
Theorem 1. For all g ≥ 1,
e(MgId) = (q3 − q)2g−2 + (q2 − 1)2g−2 − q(q2 − q)2g−2 − q2g−2,
+
1
2
q2g−1((q − 1)2g−2 + (q + 1)2g−2) + 1
2
q((q + 1)2g−1 + (q − 1)2g−1),
e(Mg− Id) = (q3 − q)2g−2 + (q2 − 1)2g−2 −
1
2
((q2 + q)2g−2 + (q2 − q)2g−2),
e(MgJ+) = (q2 − 1)(q3 − q)2g−2 +
1
2
(−q(q + 1)(q2 + q)2g−2 + (q − 2)(q − 1)(q2 − q)2g−2),
e(MgJ−) = (q2 − 1)(q3 − q)2g−2 +
1
2
((q + 1)(q2 + q)2g−2 − (q − 1)(q2 − q)2g−2),
e(Mgλ) = (q2 + q)(q3 − q)2g−2 + (q + 1)(q2 − 1)2g−2 − q(q2 − q)2g−2.
for J+ =
(
1 1
0 1
)
, J− =
(−1 1
0 −1
)
and ξλ =
(
λ 0
0 λ−1
)
, λ 6= 0,±1, and with q = uv.
A variety is said of balanced type (also called Hodge-Tate type in the literature) when Hk,p,qc = 0 for
p 6= q. As a consequence of the tools that are used, it is also obtained
Theorem 2. The character varieties MC(PGL(2,C)) are of balanced type, for any conjugacy class C.
The E-polynomial information of the character varieties for punctured curves of genus g and arbitrary
monodromy at the punctures is encoded in 6 polynomials, vg = (e˜g0, e˜
g
1, e˜
g
2, e˜
g
3, a˜
g, b˜g), that correspond
to the representation spaces for C = Id,− Id, J+, J− and the monodromy information of the parabolic
family Mgλ. The genus 1 case provides what we call basic blocks, which are computed explicitly in
Section 3. In Section 4, they are used as basis for an induction procedure that provides the formulas of
Theorem 1. The induction step is given by a 6 × 6 matrix M with coefficients in Z[q] that represents
the handle attachment Xg = Xg−1#X1 at the level of the E-polynomials of the representation spaces,
since vg = Mvg−1.
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Finally, if we look at the E-polynomials of the representation spaces for SL(2,C) and PGL(2,C), we
uncover the following pattern. The parabolic representation varieties
X4,λ = {(A1, B1, . . . , Ag, Bg) ∈ SL(2,C)2g |
g∏
i=1
[Ai, Bi] =
(
λ 0
0 λ−1
)
}
can be seen as the fibres of a total space X4 that fibres over C − {0 ± 1}. There is a Z2-action on
X4 compatible with the fibration that takes λ to λ
−1 on the base and conjugates the representation
by interchanging the eigenvectors, giving rise to a fibration X4/Z2 → C − {±2}. As we have already
mentioned, the behaviour of the E-polynomial of the monodromy of this fibration is controlled by a
polynomial with coefficients in the representation ring R(Z2 × Z2),
(1) R(X4/Z2) = agT + bgS2 + cgS−2 + dgS0 ∈ R(Z2 × Z2)[q]
where ag, bg, cg, dg ∈ Z[q] and T, S0, S−2, S2 are elements in R(Z2 × Z2), as it was shown and explained
in [20]. Here, its PGL(2,C)-version is computed in Theorem 9. With the information from Theorem
1, analyzing the E-polynomials for the Langlands dual groups G = SL(2,C) and Gˆ = PGL(2,C), we
observe
Theorem 3. The difference between the E-polynomials of the G, Gˆ-character varieties associated to
punctured Riemann surfaces can be expressed in terms of the coefficients of the Hodge monodromy
representation of the fibration X4/Z2 → C− {±2},
R(X4/Z2) = agT + bgS2 + cgS−2 + dgS0
These differences are the following
e0 − e˜0 = (q3 − q)(22g − 1)
(
(q2 − q)2g−2 + (q2 + q)2g−2
2
)
= qcg + bg,
e1 − e˜1 = (q3 − q)(22g − 1)
(
(q2 − q)2g−2 − (q2 + q)2g−2
2
)
= qbg + cg,(2)
e2 − e˜2 = (22g − 1)
(
(q2 − q)2g−1 − (q2 + q)2g−1
2
)
= bg,
e3 − e˜3 = (22g − 1)
(
(q2 − q)2g−1 + (q2 + q)2g−1
2
)
= cg,
e4,λ − e˜4,λ = (22g − 1)(q2 − q)2g−1 = bg + cg.
where ei, e˜i, i = 1 . . . 4 are the E-polynomials of the SL(2,C), PGL(2,C)-representation spaces for C =
Id,− Id, J+, J−, ξλ respectively.
We end up with Conjecture 22, which asks whether this phenomenon is still true for SL(n,C) and
PGL(n,C), n ≥ 3. In this case, the fibration X4 is replaced by a fibration Xλ of representation
spaces of punctured Riemann surfaces whose monodromy at the puncture is fixed and semisimple,
given by a matrix C determined by eigenvalues λ = (λ1, . . . , λn). It is natural to expect that the
mirror symmetric differences are given in terms of the Hodge monodromy representation of the quotient
fibration R(Xλ/Sn) and that the expressions obey a symmetric pattern in similar way to what occurs
for the n = 2 case.
Acknowledgements. I would like to thank my phD thesis advisor Vicente Mun˜oz for his advice and
for many enlightening discussions related with this work. I would like to also thank Marina Logares and
Peter Newstead for useful conversations related to this paper.
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2. E-polynomials
A pure Hodge structure of weight k consists of a finite dimensional complex vector space H with a real
structure and a decomposition H =
⊕
k=p+qH
p,q such that Hq,p = Hp,q, where the bar means complex
conjugation on H. An equivalent definition can be obtained by replacing the direct sum decomposition
by the Hodge filtration, which is a descending filtration by complex subspaces F p subject to the condition
F p∩F k−(p−1) = 0 for all p. It this case, we can define GrpF (H) := F p/F p+1 = Hp,k−p. A classical result
is the Hodge decomposition, that asserts that the cohomology groups Hk(X,C) of a complex Ka¨hler
manifold have a pure Hodge structure of weight k.
A more general concept is given by the notion of a mixed Hodge structure. It consists of a finite
dimensional complex vector space H with a real structure and two filtrations: an ascending filtration W•
0 ⊂ . . . ⊂ Wk−1 ⊂ Wk ⊂ . . . ⊂ H (defined over R) called the weight filtration, and another descending
filtration F •, called the Hodge filtration, such that F induces a pure Hodge structure of weight k on
each graded piece GrWk (H) = Wk/Wk−1. We define
Hp,q := GrpF Gr
W
p+q(H),
and define the Hodge numbers hp,q := dimCHp,q.
Let Z be any quasi-projective algebraic variety, possibly non-smooth or non-compact. The cohomol-
ogy groups Hk(Z) and the cohomology groups with compact support Hkc (Z) are endowed with mixed
Hodge structures [4, 5] for each k. We can define the Hodge numbers of Z by hk,p,qc (Z) = h
p,q(Hkc (Z)).
The Hodge-Deligne polynomial, or E-polynomial, is defined as the alternate sum
e(Z) = e(Z)(u, v) :=
∑
p,q,k
(−1)khk,p,qc (Z)upvq ∈ Z[u, v],
a specialization at t = 1 of the mixed Hodge polynomial h(Z) =
∑
hk,p,qc (Z)u
pvqtk that encodes all
mixed Hodge numbers. A relevant case that will appear in our setup is when hk,p,qc = 0 for p 6= q. In
that case, the polynomial e(Z) depends only on the product q := uv and the variety is said to be of
balanced type, or of Hodge-Tate type. An example is e(Cn) = qn.
Z2-actions. When there is an action of Z2 on Z, we have polynomials e(Z)+, e(Z)−, the E-polynomials
of the invariant and the anti-invariant parts of the cohomology of Z respectively. That is
e(Z)+ = e(Z/Z2), e(Z)− = e(Z)− e(Z)+.
We will repeatedly use the following: if we have a fibration F → Z → B, locally trivial in the analytic
topology, with trivial monodromy and an action of Z2 on the fibration, we have an equality (see [17,
Proposition 2.6])
(3) e(Z/Z2) = e(F )+e(B)+ + e(F )−e(B)− .
Fibrations. Assume that
(4) F −→ Z pi−→ B
is a fibration locally trivial in the analytic topology, and let F be of balanced type. The fibration defines
a local system Hkc , of fibre Hkc (Fb), where b ∈ B, Fb = pi−1(b). There is a monodromy representation ρ
associated to the local system, given by
(5) ρ : pi1(B) −→ GL(Hk,p,pc (F )).
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Suppose that the monodromy group Γ = im (ρ) is a finite group. Then the vector spaces Hk,p,pc (F ) are
modules over the representation ring R(Γ), and we can consider the following well-defined element, that
we call the Hodge monodromy representation,
(6) R(Z) :=
∑
(−1)kHk,p,pc (F ) qp ∈ R(Γ)[q] .
As the monodromy representation (5) has finite image, there is a finite covering Bρ → B such that the
pull-back fibration has trivial monodromy. We have the following result.
Theorem 4 ([19, Theorem 2]). Suppose that Bρ is of balanced type. Then Z is of balanced type. There
is a Z[q]-linear map
e : R(Γ)[q]→ Z[q]
satisfying the property that e(R(Z)) = e(Z).
Furthermore, suppose that the monodromy group Γ = im (ρ) is a finite abelian group. Let S1, . . . , SN
be the irreducible representations of Γ, which are generators of R(Γ) as a free abelian group. Write
si(q) = e(Si), 1 ≤ i ≤ N . Rewriting the Hodge monodromy representation (6) as
R(Z) = a1(q)S1 + . . . aN (q)SN ,
then by (4)
e(Z) = a1(q)s1(q) + . . .+ aN (q)sN (q).
We will apply Theorem 4 in the following situations:
• When the the action of pi1(B) on H∗c (F ) is trivial. Then R(Z) = e(F )T , where T is the trivial
local system and ([17, Proposition 2.4])
e(Z) = e(F )e(B).
In particular, this happens when the fibration is trivial in the Zariski topology, or when Z is a
G-space with isotropy H < G such that G/H → Z → B is a fibre bundle, and G and H ar e
connected algebraic groups. Then
e(Z) = e(B)e(G)/e(H)
• When B is one-dimensional:
F −→ Z −→ B = C− {q1, . . . , q`},
Assuming that Bρ is a rational curve, we write R(Z) = a1(q)T + a2(q)S2 + . . . + aN (q)SN ,
where T is the trivial representation and S2, . . . , SN are the non-trivial representations. Then
e(T ) = q − ` and e(Si) = −(`− 1), 2 ≤ i ≤ N . Hence
(7) e(Z) = (q − `)a1(q)− (`− 1)
N∑
i=2
ai(q) = (q − 1) e(F )inv − (`− 1)e(F ),
where e(F )inv = a1(q) is the E-polynomial of the invariant part of the cohomology of F and
e(F ) =
∑N
i=1 ai(q). (See [19, Corollary 3].
An application of (7) and Theorem 4 relevant to our situation is the following. Assume that we have a
fibration Z → B = C− {0± 1}, with a Z2-action compatible with the action λ 7→ λ−1 in the base. We
thus have a fibration
Z/Z2 → B′ = C− {±2}
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Assume that the Hodge monodromy representation is of the form R(Z/Z2) = aT + bS2 + S−2 + S0 ∈
R(Z2×Z2)[q], where T is the trivial representation, S±2 are trivial over ±2 and non-trivial over ∓2 and
S0 = S2 ⊗ S−2. Then we have
R(Z) = (a+ d)T + (b+ c)N ∈ R(Z2][q]
e(Z) = (q − 3)(a+ d)− 2(b+ c)
e(Z)+ = (q − 2)a− (b+ c+ d)(8)
e(Z)− = (q − 2)d− (a+ b+ c)
3. Basic blocks. Character varieties of curves of genus g = 1
Our first step is to compute the E-polynomials of what we call basic or building blocks. They
correspond to the character varieties associated to complex curves of genus 1. They serve as a basis
for the induction procedure performed in Chapter 4 to obtain the E-polynomials for arbitrary genus.
For SL(2,C), these blocks were described in detail in [17] and their E-polynomials were also given. For
g = 1, they are GIT quotients of the representation spaces
Xi := {(A,B) ∈ SL(2,C)2 | [A,B] ∼ C}
where C = Id,− Id, J+, J−, ξλ for i = 0, 1, 2, 3, 4 respectively. We will also write Xi = {(A,B) ∈
SL(2,C)2 | [A,B] = C} for the fixed conjugacy class cases. The corresponding PGL(2,C)-representation
space can be seen as the quotient by the torus action (A,B) ∼ (−A,B) ∼ (A,−B), that is
Zi = {(A,B) ∈ PGL(2,C)2 | [A,B] = C} ∼ Xi/(Z2 × Z2)
where again C = Id,− Id, J+, J−, ξλ for i = 0, 1, 2, 3, 4, and also Zi = Xi/(Z2 × Z2). They stratify
PGL(2,C)2 because if we take the PGL(2,C)-equivariant map
f : PGL(2,C)2 −→ SL(2,C)
(A,B) −→ [A,B]
then Zi = f
−1(C), for a conjugacy class C so that PGL(2,C)2 = unionsqC∈Cf−1(C) = Z0 unionsq . . . unionsq Z4. An
analogous commutator map f˜ can be defined from SL(2,C)2 to SL(2,C), so that f˜−1(C) = Xi. We
proceed in what follows to describe and stratify each Zi.
Z0 = {(A,B) ∈ PGL(2,C)2 | [A,B] = Id}. First of all, we remove the cases when A or B are
equal to Id. In any of those cases, the other matrix can be an arbitrary matrix in PGL(2,C), so
Z0 = {PGL(2,C)× [Id]} ∪ {[Id]× PGL(2,C)} ∪ Z ′0
where Z ′0 = {(A,B) ∈ Z0 | [A], [B] 6= Id}. As a consequence, e(Z0) = 2e(PGL(2,C)) − 1 + e(Z ′0). We
can divide again Z ′0 into two subsets, Z
′
0 = Z
′a
0 ∪ Z ′b0 , where
Z ′a0 = {(A,B) ∈ Z0 : A,B 6= Id : tr(A) 6= ±2}
In this case, we know that A is diagonalizable, and since A and B commute, both are diagonalizable with
respect to the same basis and (A,B) ∼
((
α 0
0 α−1
)
,
(
β 0
0 β−1
))
, α, β 6= 0,±1. The Z2-actions are
α 7→ −α, β 7→ −β, so we may take a := α2, b := β2, a, b 6= 0, 1 as parameters for the PGL(2,C)-quotient.
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If we write Y˜4 = {(a, P ) : a ∈ C − {0, 1}, P ∈ GL(2,C)/D} and Y4 = {A ∈ PGL(2,C) : trA 6= ±2},
we have the following diagram
C− {0, 1} = //

C− {0, 1}

Y˜4 × C− {0, 1} φ //
pi1

Z
′a
0
pi2

Y˜4
ϕ // Y4
where pi1 is the projection onto the first factor and pi2 takes a pair (A,B) ∈ Z ′a0 to A ∈ Y4. The fibre
is parametrized by the eigenvalue b ∈ C − {0, 1} associated to B. Besides, the horizontal map at the
bottom takes a pair (a, P ) ∈ Y˜4 to P
(
a 0
0 a−1
)
P−1, and the horizontal map in the middle takes an element
(a, P, b) ∈ Y˜4 × C− {0} to the pair
(
P
(
a 0
0 a−1
)
P−1, P
(
b 0
0 b−1
)
P−1
)
.
Note that both maps φ, ϕ are generically 2:1, but for a = −1, which corresponds to λ = ±i, P0 belongs
to the stabilizer of A =
(±i 0
0 ∓i
)
. Leaving aside that case for the moment, we have a fibration:
C− {0, 1} = //

C− {0, 1}

¯˜Y4 × C \ {0, 1} φ //
pi1

Z
′′a
0
pi2

¯˜Y4
ϕ // Y¯4
where in Z
′′a
0 we are just removing the a = −1 case, so that Z
′′a
0 = Z
′a
0 − {(A,B) ∈ Z0 | trA = 0} and
¯˜Y4 = C− {0, 1,−1} × PGL(2,C)/D, Y¯4 = {A ∈ PGL(2,C) | trA 6= ±2, 0} The maps are 2:1, so
(9) e(Z
′′a
0 ) = e(
¯˜Y4)
+e(C− {0, 1})+ + e( ¯˜Y4)−e(C− {0, 1})−
The action takes a to a−1 on the fibre, so e(C − {0, 1})+ = e(C − {2}) = q − 1, e(C − {0, 1})− = −1.
To compute e( ˜¯Y4), we use the fibration:
GL(2,C)/D

GL(2,C)/D

˜¯Y4
tr

// Y¯4

C \ {0, 1,−1} // C \ {0, 2}
So e( ˜¯Y4)
+ = e( ˜¯Y4/Z2) = e(Y¯4), and:
e(Y¯4) = e(GL/D)
+e(C \ {0, 1,−1})+ + e(GL/D)−e(C \ {0, 1,−1})−
= q2(q − 2) + q(−1)
= q3 − 2q2 − q
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We deduce from this fact that e( ˜¯Y4)
+ = q3 − 2q2 − q, e( ˜¯Y4)− = −2q, so going back to (9):
e(Z
′′a
0 ) = e(
¯˜Y4)
+e(C− {0, 1})+ + e( ¯˜Y4)−e(C− {0, 1})−
= (q3 − 2q2 − q)(q − 1) + (−2q)(−1) = q4 − 3q3 + q2 + 3q
Now, let us compute the remaining fibre, when a = −1. In this case, A = (±i 00 ∓i ). Now, if b 6= −1,
we have the diagram:
GL(2,C)/D

GL(2,C)/D

GL(2,C)/D × C− {0, 1,−1} //

Z
′′′a
0
tr

C− {0, 1,−1} // C− {0, 2}
where again, the horizontal bottom map takes a to a + 1a and the horizontal middle map takes a pair
(a, P ) to (PAP−1, P
(
a 0
0 a−1
)
P−1). So again
e(Z
′′′a
0 ) = e(GL(2,C)/D)+e(C− {0, 1,−1})+ + e(GL(2,C)/D)−e(C− {0, 1,−1})−
= q3 − 2q2 − q
Finally, we take the case where trA = trB = 0, i.e. a = b = −1. The pair (A,B) can be simultaneously
diagonalized so that
(A,B) =
((±i 0
0 ∓i
)
,
(±i 0
0 ∓i
))
In this case, we have only to take account of the conjugacy orbit of this single element. The stabilizer is
bigger than D, since P0 also stabilizes the pair. P0 is an element of order 2 in PGL(2,C): it generates
a subgroup isomorphic to Z2. So
e(Z
′′′′a
0 ) = e((PGL(2,C)/{D,P0}) = e((PGL(2,C)/D)/Z2) = e(PGL(2,C)/D)+ = q2
Adding all up
e(Z
′a
0 ) = e(Z
′′a
0 ) + e(Z
′′′a
0 ) + e(Z
′′′′a
0 ) = q
4 − 2q3 + 2q
Now, let
Z ′b0 =
{
(A,B) ∈ Z0 : (A,B) ∼
((
λ b
0 λ−1
)
,
(
µ y
0 µ−1
))
, λ, µ = ±1
}
which, is isomorphic to
Z ′b0 ∼= X ′b0 /Z2 × Z2
X ′b0 has four components, which correspond to λ, µ = ±1, and the Z2 × Z2-action interchanges them.
So quotienting by Z2 × Z2 leaves us one component and therefore
e(Z ′b0 ) = (q
2 − 1)(q − 1)
(assuming λ = µ = 1, each orbit contains an element of the type
((
1 1
0 1
)
,
(
1 y
0 1
))
, we obtain the
whole Z ′b0 conjugating by elements in GL(2,C)/U)
So finally,
e(Z ′0) = 2e(PGL(2,C))− 1 + e(Za0 ) + e(Zb0) = (q3 − q)(q + 1).
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Z1 = {(A,B) ∈ PGL(2,C)2 | [A,B] = − Id}. Let (A,B) ∈ SL(2,C)2 be such that [A,B] = − Id,
this forces that trA = trB = 0. There exists a basis such that with respect to it,
A =
(
i 0
0 −i
)
, B =
(
0 1
−1 0
)
so that there a single PGL(2,C)-orbit, X1 ∼= PGL(2,C) and the moduli space is a single point. For
the PGL(2,C)-case, we want to declare equivalent (A,B) ∼ (−A,B) ∼ (A,−B) ∼ (−A,−B) inside the
PGL(2,C)-orbit, so let us consider
G′ = {P ∈ GL(2,C) : PAP−1 = A, PBP−1 = −B} ∼= C∗ =
{(
a 0
0 −a
)
a ∈ C∗
}
G′′ = {P ∈ GL(2,C) : PAP−1 = −A, PBP−1 = B} ∼= C∗ =
{(
0 b
−b 0
)
b ∈ C∗
}
If we regard G′, G′′ projectively, each of these subgroups is just a point of order 2 in PGL(2,C)
[G′] =
[(
1 0
0 −1
)]
, [G′′] =
[(
0 1
−1 0
)]
.
The subgroup of PGL(2,C) generated by G,G′, which we will denote by H, is isomorphic to Z2 × Z2.
We have that
Z1 = X1/〈τ1 × Id, Id×τ2〉 ∼= S ×
(
PGL(2,C)/H
)
Note that PGL(2,C) acts by conjugation on the slice P → (PA0P−1, PB0P−1) and so does H, but
the action of H on the orbit, PGL(2,C), is by translations P → PH. All that remains to compute is
e(PGL(2,C)/H). Recall that when a finite subgroup G of a Lie group acts by translation on a space X
rg : X ×G −→ X
(x, g) −→ xg
the action is homotopically trivial: we can build a path, for every g ∈ G, that connects g and Id ∈ G
and that allows us to build a homotopy between the given action and the trivial action. We get from
this that e(H•(X/H)) = e(H•(X)). In our case, H is a finite subgroup of the connected Lie group
PGL(2,C) acting on the space X = PGL(2,C). So e(PGL(2,C)/H) = e(PGL(2,C)) and therefore
e(Z1) = e(PGL(2,C)/H) = e(PGL(2,C)) = q3 − q.
Z2 = {(A,B) ∈ PGL(2,C)2 | [A,B] ∼ J+}. We consider
Z2 = {(A,B) ∈ PGL(2,C)2 : [A,B] ∼ J+}, Z2 = {(A,B) ∈ PGL(2,C)2 : [A,B] = J+}
which are quotients of the SL(2,C)-representation varieties X2 and X2 respectively. Looking at the
latter [17], the conditions imposed by the equation [A,B] = J+ force (A,B) to be of the form
A =
(
a b
0 a−1
)
, B =
(
x y
0 x−1
)
,
where (a, b, x, y) satisfy the equation
yx(a2 − 1)− ba(x2 − 1) = 1,
which is compatible with the Z2-actions (a, b, x, y) ∼ (−a,−b, x, y) and (a, b, x, y) ∼ (a, b,−x,−y) that
arise when we consider the PGL(2,C)-case. X2 can be regarded as a family of lines L(a,x) parametrized
by (a, x) ∈ C∗ × C∗ − {(±1,±1)}, we look for the E-polynomial of the quotient under the Z2-actions.
Since e(L(a,x))
+ = e(L(a,x)), applying (3) repeatedly yields
e(Z2) = e(C)e(C∗ × C∗ − {(±1,±1)}/Z2 × Z2) = q((q − 1)2 − 1) = q3 − 2q2
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and
e(Z2) = e(GL(2,C)/U)e(Z2) = (q2 − 1)(q3 − 2q2) = (q3 − q)(q2 − 2q).
Z3 = {(A,B) ∈ PGL(2,C)2 | [A,B] ∼ J−}. If we write
A =
(
a b
c d
)
B =
(
x y
z w
)
The equations [A,B] = J−, A,B ∈ SL(2,C) are equivalent to the set of equations
z = 2(x+ w)(10)
c = −2(a+ d)(11)
cy + 2dw + bz = 0(12)
where we consider the actions (a, b, c, d) ∼ (−a,−b,−c− d) and (x, y, z, w) ∼ (−x,−y,−z,−w) for the
PGL(2,C)-case. We may subdivide Z3, Z3 in the following substrata, following the SL(2,C)-case [17]:
Case 1: trB = 0. This case provides a space X
′
3 isomorphic to C∗ × {±i}, where Z2 × Z2 acts by
identifying both components and takes a ∈ C∗ to −a ∈ C∗, so e(Z ′3) = e(C∗ × {±i}/Z2)e(Stab(J+)) =
(q − 1)q and e(Z ′3) = (q − 1)(q3 − q).
Case 2: trB 6= 0. In this case, conjugating by a suitable matrix sets w = 0, z = 2x and
A =
(
a −(a+d)2x2
−2(a+ d) d
)
, B =
(
x −1/2x
2x 0
)
.
Since detA = 1, we arrive to the equation
ad− (a+ d)
2
x2
= 1
We stratify again in three subcases
Sa : a + d = 0. In this case, we get that a = −d = ±i , so A is fixed and B is parametrized by taking
x ∈ C∗, the Z2-actions take x→ −x and i→ −i. So e(Sa) = e(C∗/Z2) = q − 1.
Sb, Sc : a+ d 6= 0. In this case, we may take the parameter u = (a+d)2x2 , invariant under the Z2-actions,
so that the resulting equation is ad = 1 + u. We may subdivide again in two cases according to the
values of u:
- u = −1. The resulting equation is ad = 0, (a, d) 6= (0, 0). We get
e(Sb) = e({ad = 0}/Z2) = 2e(C∗) = 2(q − 1).
- u 6= 0,−1 Now, for every u ∈ C−{0,−1}, ad = 1 + u, (a, d) ∼ (−a,−d). If we complete the set
of solutions projectively we get a conic for every u, which gives a contribution of (q + 1)(q − 2)
(u 6= 0, 1). We still have to remove the points at infinity that contribute 2(q− 2) and the points
which satisfy a+d = 0, which gives us the equation −a2 = 1+u, again a conic with three points
removed: it has polynomial q − 2. We get that
e(Sc) = (q + 1)(q − 2)− 2(q − 2)− (q − 2) = (q − 2)2
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Adding all up
e(S) = e(Sa) + e(Sb) + e(Sc) = q2 − q + 1
So
e(Z
′′
3) = q(q
2 − q + 1), e(Z ′′3 ) = q(q2 − 1)(q2 − q + 1).
Finally,
e(Z3) = q
3, e(Z3) = e(Z
′
3) + e(Z
′′
3 ) = (q
3 − q)q2.
Z4 = {(A,B) ∈ PGL(2,C)2 | [A,B] ∼ ξ}. Finally, we compute the E-polynomial of the last
stratum,
Z4 = {(A,B) ∈ PGL(2,C)2 | [A,B] ∼
(
λ 0
0 λ−1
)
λ 6= 0± 1}.
We also define, for A,B ∈ PGL(2,C)
Z4 = {(A,B, λ) | [A,B] =
(
λ 0
0 λ−1
)
λ 6= 0± 1}, Z4,λ = {(A,B) | [A,B] =
(
λ 0
0 λ−1
)
}.
Analogous definitions were given in [17] for the SL(2,C)-representation spaces Xi, Xi, X4,λ. Like we
did before, we can compute the E-polynomials of Z4 and Z4 regarding these spaces as quotients of X4
and X4 by the torus action, which is a Z2 × Z2-action. We stratify X4 closely following [17], obtaining
slices Si for the conjugacy action and analyzing the Z2-actions in each case. For each of the strata X
i
4,
using that the stabilizer of ξ in PGL(2,C) is isomorphic to C∗,
X
i
4
∼= C∗ × Si Xi4 ∼= (PGL(2,C)× Si)/Z2
where the latter Z2-action is given by conjugation by P0. For Zi4 and Z
i
4, since the Z2-actions commute
with the conjugacy action, we will just need to find the quotients of each slice, so that
Z
i
4
∼= C∗ × (Si/(Z2 × Z2)) Xi4 ∼= (PGL(2,C)× (Si/(Z2 × Z2)))/Z2
For (A,B) ∈ X4,λ, trB = tr ξB, and we also have that trA = tr ξ−1A. Therefore
A =
(
a b
c λ−1a
)
B =
(
x y
z λx
)
Finally, the equality AB = ξBA and the equations arising from the detA = detB = 1, give us
λ−1a2 − bc = 1(13)
λx2 − yz = 1(14)
ax+ bz = λ(ax+ cy)(15)
The Z2-actions are (a, b, c) ∼ (−a,−b,−c) and (x, y, z) ∼ (−x,−y,−z). Note that equations (13), (14),
(15) are compatible with them. We will stratify Z4 according to different values of a, b, c, x, y and z.
Hodge monodromy of Z4. Along with the stratification of Z4, we will study the Hodge monodromy
representation (6) of the fibration
pi : Z4 −→ C \ {0,±1},
where (A,B, λ) is mapped to λ. The fibres are the spaces Z4,λ, diffeomorphic and of balanced type.
We take loops γ−1, γ0, γ1 around −1, 0, 1 respectively, our aim is to compute the Hodge monodromy
representation
R(Z4) ∈ R(Γ)[q]
where Γ = 〈γ−1, γ0, γ1〉 ∼= H1(B). We will proceed computing R(Zi4) in each stratum Z
i
4. Since
Z
i
4,λ
∼= Siλ × C∗, we will have that R(Z
i
4) = (q − 1)R(Si).
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Z04 = {b = c = 0}. If (A,B) ∈ X4 and b = c = 0, the resulting equations are:
a2 = λ, x = 0, yz = −1
This makes the set of pairs (A,B) ∈ Z04 to be of the form:(
a 0
0 a−1
) (
0 y
− 1y 0
)
where y ∈ C∗, a ∈ C− {0,±i,±1}, y ∼ −y, a ∼ −a. The slice S04 is just a single point. We deduce that
e(Z
0
4,λ) = (q − 1), e(Z
0
4) = (q − 3)(q − 1) and also
R(S
0
4) = T
To compute Z04 , note that Z
0
4 gives us a slice for the action by conjugation of PGL(2,C)/D:
Z04 × PGL(2,C)/D −→ Z04
((A,B, λ), P ) −→ (P−1AP,P−1BP )
so that, taking into account the action of Z2 on Z04 given by permutation of the eigenvalues,
e(Z04 ) = e(Z
0
4 )
+e(PGL(2,C)/D)+ + e(Z04 )
−e(PGL(2,C)/D)−
To compute e(Z04 )
+, since Z04 is parametrized by pairs (a, y), a ∼ −a, y ∼ −y, we may use as
parameters A = a2 ∈ C− {0, 1,−1}, Y = y2 ∈ C∗. The Z2-action takes A to A−1 and Y to −1Y , so the
quotient is parametrized by A+ 1A ∈ C− {0, 2} and Y − 1Y ∈ C.
So:
e(Z04/Z2) = (q − 2)q + 1 e(Z04 )− = e(Z04 )− e(Z04 )+ = −2q + 2
and finally:
e(Z04 ) = q
2(q2 − 2q + 1) + q(2− 2q) = (q3 − q)(q − 2)
Z14 = {x = y = 0}. This case is analogous to the previous one, we get
R(S14) = T, e(Z
1
4/Z2) = (q − 2)q + 1, e(Z14 ) = (q3 − q)(q − 2)
Z24 = {b = 0, c 6= 0} ∪ {b 6= 0, c = 0}. Let us consider the case
Z24 = {(A,B) ∈ Z4 | b = 0, c 6= 0} ∪ {(A,B) ∈ Z4 | b 6= 0, c = 0}
First, we can rescale so that c = 1. Z24 has two strata, the equations for the first one are
a2 = λ, a2x2 − yz = 1, (1− λ)ax = λy
From the last two equations, we deduce that
y =
(1− λ)ax
λ
, z =
a2x2 − 1
y
so that Z24 is parametrized by pairs (a, x) where a ∈ C − {0, 1, i}, x ∈ C∗, x ∼ −x, a ∼ −a. We denote
this slice by S24 . When we look at the monodromy of the slice as we go around the origin, a gets
swapped to −a, but they are already identified and the monodromy is trivial. There are two isomorphic
components, so
R(S24) = 2(q − 1)T
and if we multiply by the stabilizer, we get that
e(Z24,λ) = 2(q − 1)2 e(Z24 ) = 2(q − 3)(q − 1)(q − 1)
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To compute Z24 , note that the Z2-action interchanges the two components. Therefore Z24 ∼= PGL(2,C)×
S24 and
e(Z24 ) = (q
3 − q)(q − 1)(q − 3).
Z34 = {x = 0, y 6= 0} ∪ {x 6= 0, y = 0}. Similarly,
R(S34) = 2(q − 1)T, e(Z34 ) = 2(q − 3)(q − 1)(q − 1), e(Z34 ) = (q3 − q)(q − 1)(q − 3)
Z44 = {b = z = 0} ∪ {c = y = 0}. This component is given as the intersection of Z24 and Z34 , since
it is impossible that b = 0 and y = 0 (or c = 0, z = 0) simultaneously. The conditions b = z = 0 and
the slice fixing condition c = 1 yield the set of equations:
a2 = λ, x2 =
1
λ
, (λ− 1)ax+ yλ = 0
where again x ∼ −x, a ∼ −a. We point out that a, x are both fully determined each value of λ, as well
as y. Therefore, the slice consists of two points and it is parametrized by λ ∈ C \ {0,±1}. There is no
monodromy around the origin because of the identifications x ∼ x and a ∼ −a. We get that R(S44) = 2T
and e(Z44,λ) = 2(q − 1). Recalling that again we have two isomorphic components,we get:
e(Z44 ) = 2(q − 1)(q − 3)
The Z2 action interchanges them, so Z44 ∼= C \ {0,±1} × PGL(2,C) and e(Z44 ) = (q3 − q)(q − 3).
Z54 = {b, c, y, z 6= 0}. Equations (13),(14), (15), when we fix b = 1, become
λ−1a2 − bc = 1
λx2 − yz = 1
ax+ bz = λ(ax+ cy)
where
A =
(
a 1
c λ−1a
)
, B =
(
x y
z λx
)
.
The action of Z2 × Z2, generated by φ, ϕ, where φ((A,B)) = (−A,B), ϕ((A,B)) = (A,−B) plus the
slice fixing condition is now the following
A =
(
a 1
c λ−1a
)
φ−→ −A =
(−a −1
−c −λ−1a
)
slice−→
(−a 1
c −λ−1a
)
(
x y
z λx
)
slice−→
(
x −y
−z λx
)
and: (
x y
z λx
)
−→
ϕ
(−x −y
−z −λx
)
Combining the three equations as it was done in [1], we see that Z54 is given by the single equation
(16) λx2 + a(1− λ)xy + (λ− a2)y2 = 1
under the equivalence relation (a, x, y) ∼φ (−a, x,−y) and (a, x, y) ∼ϕ (a,−x,−y). These are quotients
of affine conics over the plane (x, y) parametrized by (a, λ), a2 6= λ (this condition is equivalent to
c 6= 0). The conics have discriminant
D = ((λ+ 1)a− 2λ)((λ+ 1)a+ 2λ)
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The extra Z2-action given by permutation of the eigenvalues, considering the slice fixing condition b = 1
is the following [17]
a → λ−1a
c → c
x → λx
y → z
c
= λy +
λ(λ− 1)a
a2 − λ x
z → yc
We divide the study of this space depending on whether D = 0 or not (cases Z54 and Z
6
4 , Z
7
4 , Z
8
4
respectively). When D = 0, then:
a = ± 2λ
λ+ 1
Note that the action of φ interchanges both components. Therefore, quotienting by φ leaves us the value
a = 2λλ+1 . In this case, the equation of the family of conics is(
x− λ− 1
λ+ 1
y
)2
=
1
λ
under the equivalence relation (x, y) ∼ϕ (−x,−y). Taking µ := x− λ+1λ−1y so that µ2 = λ−1, the action
of ϕ takes µ to −µ, so the new coordinates are pairs (x, µ) with the relation (x, µ) ∼ (−x,−µ), where
µ 6= {0,±1,±i} and x 6= ±µ. We may change variables again taking X := xµ , so that we get a bijection
between pairs (x, µ) and pairs (X,µ). Now, the ϕ- action leaves X invariant ((X,µ) ∼ (X,−µ)), and the
slice is parametrized by pairs (X,µ2) where X 6= ±1 and µ2 6= {0, 1,−1}. The monodromy around the
origin is trivial: takes µ to −µ, which are already identified by ϕ. Its Hodge monodromy representation
is
R(S5λ,4) = (q − 2)T
and also
e(Z54,λ) = (q − 1)(q − 2), e(Z54 ) = (q − 1)(q − 2)(q − 3)
To compute Z54 , the Z2-action takes x to µ−2x and takes µ to −µ−1. Therefore, it takes X to −X and
µ2 to µ−2. The set of pairs (X,µ2) under this equivalence relation has polynomial
e(S5/Z2) = (q − 1)(q − 2) + 1.
So
e(Z54 ) = (q
3 − q)((q − 1)(q − 2) + 1)
Z64 = {a, c, x, y,D 6= 0}. We deal now with the case where the discriminant is non-zero. Recall
equation (16):
λx2 + a(1− λ)xy + (λ− a2)y2 = 1,
where the Z2 × Z2-action identifies (a, x, y) ∼φ (−a, x,−y) and (a, x, y) ∼ϕ (a,−x,−y). When D 6= 0,
if we add up the points at infinity we get over each possible (a, λ) before quotienting a conic, P1, thus
obtaining a conic bundle P1 −→ E −→ {(a, λ) | a2 6= λ, a 6= ±2λ/λ+ 1}.
Now φ takes E(a,λ) to E(−a,λ), so it takes fibres to fibres and therefore quotienting by φ we get a
conic bundle P1 −→ E/φ −→ {(a2, λ) | a2 6= λ, 4λ2/(λ+ 1)2}. (the φ-action identifies both values a and
−a). ϕ makes identifications in the fibre over (a2, λ): it takes (x, y) ∈ E(a,λ) to (−x,−y) ∈ E(a,λ). We
get
P1/ϕ −→ E/Z2 × Z2 −→ {(a2, λ)}
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The quotient P1/ϕ is isomorphic to P1, with fixed points at infinity (there are two of them). The base
is parametrized by pairs (a2, λ) satisfying λ 6= 0,±1, a2 6= λ, 4λ2(λ+1)2 , and has polynomial (q− 3)(q− 1)−
(q − 3) = (q − 3)(q − 2). Therefore
e(S64) = e(B)e(P1) = (q + 1)(q − 3)(q − 2)
and consequently e(Z64,λ) = e(Stab)e(S
6
4,λ) = (q − 1)(q − 2)(q + 1) and also e(Z64 ) = e(Stab)e(S64) =
(q − 1)(q + 1)(q − 2)(q − 3). There is no monodromy: going around λ = 0 does neither affect the conic
fibration or the excluded values for the base. We also get
R(S6λ) = (q + 1)(q − 2)T
To compute Z64 , we have to take account of the Z2-action given by the permutation of the eigenvalues.
In terms of our stratification, it was checked in [17] that the action takes
(a, λ) 7→ (λ−1a, λ−1)
and takes the element (x, y) ∈ E(a,λ) to (λx, λy + λ(λ−1)aa2−λ x) ∈ Eλ−1a,λ−1 . Besides, the Z2-action
is compatible with the actions given by φ and ϕ. Since the action takes fibres to fibres, our aim
is to compute B/Z2. If we consider A = a
2
λ , note that the Z2-action takes A −→ λa
2
λ2 = A, so A
remains invariant and there is a bijection between pairs (A, λ) and pairs (a2, λ). The action is now
(A, λ) ∼ (A,−λ), so we consider the parameter s = λ+ λ−1. Hence the quotient B/Z2 is parametrized
by pairs (A, s) where
• λ 6= 0,±1 implies that s 6= ±2
• a2 6= 4λ2(λ+1)2 implies that A 6= 42+s .
• a2 6= λ implies that A 6= 1.
which is isomorphic to C−{1}×C−{±2}. We still have to remove the subset A = 42+s , isomorphic to
C− {2,−2}. We can conclude that e(B/Z2) = (q − 1)(q − 2)− (q − 2) = (q − 2)2 and deduce from this
fact that
e(Z64 ) = e(B/Z2)e(P1)e(PGL(2,C)) = (q3 − q)(q + 1)(q − 2)2
Z74 = {a, c, x, y,D 6= 0, yz = 0}. We have to remove the points from the case yz = 0. To equations
(13), (14), (15) we need to add the condition yz = 0, which is equivalent to x2 = 1λ . From equation
(16), this forces y = 0 or y = (λ−1)axλ−a2 . We recall that we also have to consider the Z2 × Z2-action given
by φ, ϕ. Taking this into account, we distinguish two cases:
• a = 0. In this case we get a unique value for y, y = 0. Also both values of x are identified by
ϕ; the action of φ is trivial since a = 0, y = 0. For fixed λ this is just a point and when λ varies
we get a contribution of (q − 3).
• a 6= 0. In this case there are two different values of y. For each (a, λ), there are two possible
values of x which give rise to two possible values of y, i.e, four points in each fibre. Now ϕ
identifies these points in pairs, identifying (x, 0) ∼ (−x, 0) and (x, (λ−1)axλ−a2 ) ∼ (−x, (λ−1)a−xλ−a2 ).
Besides, the φ-action identifies the points over (a, λ) and (−a, λ).
We can take a2 as a parameter for base, with three excluded values. There are two components
(corresponding to y = 0 and y 6= 0), so it has polynomial e(S7λ) = 2(q − 3) + 1. The total slice has
E-polynomial e(S74) = 2(q − 3)2 + (q − 3). We get:
e(Z74,λ) = (q − 1)(2q − 5), e(Z74 ) = (q − 1)(2(q − 3)2 + (q − 3))
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The monodromy around γ0 takes x to −x and therefore swaps the two non-zero values of y, but so does
the ϕ-action too and the monodromy is therefore trivial
R(S7λ,4) = (2(q − 3) + 1)T = (2q − 5)T
To compute Z74 , we have to consider the Z2-action. It takes a −→ λ−1a, λ −→ λ−1, x −→ λx = x−1
and 0 −→ λ(λ−1)axa2−λ = x
2a(1−λ−1)x−1
a2x4−λ−1 . Note that this last value (which we denote by y
′) is the non-zero
y-value over (λ−1a, λ−1). In other words, the Z2-action takes the value (x, 0) over (a, λ) to (x−1, y′) over
(λ−1a, λ−1). It also takes the non-zero y-value (x, y) over (a, λ) to (x−1, 0) over (λ−1a, λ−1). So the
Z2-action identifies the two components given by the values which satisfy y 6= 0 and the values which
satisfy y = 0: we get rid of this Z2-action by considering just one component. The contribution from
a = 0 is q − 2 and the contribution from a 6= 0 is (q − 3)2. Hence:
e(Z74 ) = e(B/Z2)e(PGL(2,C)) = ((q − 3)2 + (q − 2))(q3 − q)
Z84 = {a, c, x, y,D 6= 0, points at infinity}. Finally, we remove the points at infinity of the P1-
bundle. The equation for these points is
(λ− a2)y2 + a(1− λ)xy + λx2 = 0
Taking Y = yx as a parameter, (
Y +
1
2
a(1− λ)
λ− a2
)2
=
D
4(λ− a2)2
where (a, Y ) ∼ (−a,−Y ). Now, writing α = Y + 12 a(1−λ)λ−a2 , we get the equation α2 = D4(λ−a2)2 . Since
D = a2(1 + λ)2 − 4λ2, defining A := (1+λ)aλ and B := 2α(λ−a
2)
λ we finally arrive at the equation
B2 = A2 − 4
where (A,B) ∼ (−A,−B) by the φ-action. Notice that A,B are for every λ in bijection with pairs
(a, Y ). In addition, λ 6= 0,±1, A 6= ±2(D 6= 0) and A2 6= (1+λ)2λ (a2 6= λ).
We get a conic for fixed λ despite of the Z2-action (its φ-quotient is again isomorphic to P1) with 3
points removed (two at infinity and (2, 0) ∼ (−2, 0)). Varying λ it gives us a contribution of (q−3)(q−2).
Besides, we still have to remove the points corresponding to A2 = (1+λ)
2
λ . Substituting into the equation,
we get that A = ± (1+λ)(1−λ)B. So for each λ, we get four points (A,B) identified by pairs ((A,B) ∼
(−A,−B)) that need to be removed. It gives a contribution of 2(q − 3), so:
e(S84) = (q − 3)(q − 2)− 2(q − 3) = (q − 3)(q − 4)
and therefore e(Z84,λ) = (q−1)(q−4) and e(Z84 ) = (q−1)(q−3)(q−4). The monodromy action is trivial
again (for SL(2,C), it swaps the missing points, which are already identified in the PGL(2,C)-case) so
R(S84) = (q − 4)T
Finally, the Z2-action leaves A and B invariant and sends λ to λ−1, so we can take s = λ + λ−1 as
a parameter. We have again conics with three points deleted and two excluded values for s, namely
s = ±2. This gives a contribution of (q − 2)(q − 2). In addition, we have to remove the subvariety
defined by A2 = (1+λ)
2
λ , i.e. A
2 = s + 2. Since s 6= ±2, we get that A 6= 0,±2 and therefore
(A,B) 6= (0,±2i), (±2, 0). The subvariety is a conic B2 = A2 − 4 with the two points at infinity and
the two points (0, 2i), (2, 0) removed, giving a contribution of q − 3. Therefore
e(Z84 ) = (q
3 − q)((q − 2)(q − 2)− (q − 3))
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So, adding all up:
e(Z4) = e(Z
0
4 ) + e(Z
1
4 ) + e(Z
2
4 ) + e(Z
3
4 )− e(Z44 ) + e(Z54 ) + e(Z64 )− e(Z74 )− e(Z84 )
= (q3 − q)(q3 − 2q2 − 2)
We also get that:
e(Z4,λ) = (q − 1)(q2 + q + 1) = q3 − 1
e(Z4) = q
4 − 3q3 − q + 3
Finally,
e(Z) = e(Z0) + e(Z1) + e(Z2) + e(Z3) + e(Z4) = e(PGL(2,C)2)
as it was expected. Adding up all Hodge monodromy representations, we have also obtained
Proposition 5. The monodromy of the fibration given by pi : Z4 → C− {0,±1} is trivial. Therefore
R(Z4) = (q
3 − 1)T
Remark 6. There is a map between Hodge monodromy representations R(X4) → R(Z4), induced by
the quotient map between fibrations X4 → Z4. Since R(X4) = (q3 − 1)T + (−3q2 + 3q)N , we see that
the Hodge monodromy representation of Z4 corresponds to the invariant part of R(Z4).
Hodge monodromy representation of Z4/Z2. We consider as the last basic block the Hodge mon-
odromy representation of the fibration Z4/Z2 → C − {±2}, where we recall that Z2 acts on Z4 in the
following way:
(A,B, λ) −→ (PAP−1, PBP−1, λ−1)
and fibres over B′ = C − {0,±1}/Z2, where λ ∼ λ−1, isomorphic to C − {±2}. Let us write Γ =
〈γ−1, γ0, γ1〉 and Γ′ = 〈ν2, ν−2〉 for the fundamental groups of B and B′ = B/Z2 respectively. Under
the quotient map: λ −→ s = λ+ λ−1, we get an exact sequence:
Γ −→ Γ′ −→ Z2 −→ 0
γ1 −→ 2ν2
γ−1 −→ 2ν−2
γ0 −→ ν2 + ν−2
Since the monodromy action of Γ was trivial on Z4, we get that the actions of 2ν2, 2ν−2 and ν2 + ν−2
are trivial too. Hence the monodromy representation descends to a representation of Z2 and therefore
R(Z4/Z2) ∈ R(Z2)[q]
We will denote by T,N the trivial and non-trivial representations of Z2 respectively. We will use again
the stratification defined in previous sections that is compatible with the monodromy action.
We need to check the monodromy when we describe a small loop around 2 in the s-plane C− {±2},
i.e, around a small loop ν := ν2 which we take as a generator of Z2 ∼= Γ′/Γ. To understand the action,
we lift the loop to a path in the λ-plane B and we fix the fibre over a point b0 = 1 + . The resulting
lifted path goes from 1 +  to 11+ , followed by the Z2-action to identify the fibre.
We denote by F i = Zi4,λ
∼= Siλ × C∗ the fibre of the fibration Zi4,λ −→ B′; we will also denote by
e(F i)ν for the Hodge Deligne polynomial of H∗c (F
i)ν ,i.e. the invariant part of the cohomology under
the action of ν. Proceeding for each stratum:
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• Z04/Z2, Z14/Z2. The fibre consists of a copy of C∗, parametrized by Y = y2. The Z2-action takes
Y to − 1Y . Therefore
e(F ) = q − 1, e(F )ν = q
If we denote R(Z04/Z2) = aT + bN , we get that a+ b = e(F ) and a = e(F )ν ,so:
R(Z04/Z2) = R(Z14 ) = qT −N
• Z42/Z2, Z34/Z2. We have two components, {b 6= 0, c = 0} ∪ {b = 0, c 6= 0}, where each one is a
C∗-bundle over C∗. The action of Z2 interchanges the components, so
e(F ) = 2(q − 1)2, e(F )ν = (q − 1)2
and therefore
R(Z24/Z2) = R(Z34/Z2) = (q − 1)2T + (q − 1)2N
• Z44/Z2. In this case, we have again two components, given by {b = z = 0} and {c = y = 0},
where each one is isomorphic to C∗,the stabilizer. The Z2-action interchanges them, so
e(F ) = 2(q − 1), e(F )ν = (q − 1)
R(Z44/Z2) = (q − 1)T + (q − 1)N
• Z54/Z2 From the equations arising in the SL(2,C)-case, we obtained two different components,
given by a = ± 2λλ+1 , which were identified in the PGL(2,C)-case by φ. Each of the components
consisted of two parallel lines of equations:(
x− λ− 1
λ+ 1
y
)2
=
1
λ
which were identified by the ϕ-action. So the fibre is a C∗-bundle over a single line L with two
points removed. The monodromy given by the ν-action takes the line of equation:
√
λx−
√
λ
λ− 1
λ+ 1
y = 1
to the other parallel line (identified with the first one by the ϕ-action):
−
√
λx+
√
λ
λ− 1
λ+ 1
y = 1
since
√
λx → √λx and √λλ−1λ+1y −→ −
√
λλ−1λ+1y + 2
√
λx. Therefore the monodromy action
interchanges the lines which were already identified, but note that it also interchanges the
removed points corresponding to x = ± 1√
λ
. Therefore, e(L)+ = q − 1, e(L)− = −1, and using
that e(C∗)+ = q, e(C∗)− = −1
e(F ) = (q − 2)(q − 1) = q2 − 3q + 2, e(F )ν = (q − 1)q + 1 = q2 − q + 1
so:
R(Z54/Z2) = (q
2 − q + 1)T + (−2q + 1)N
• Z64/Z2 The fibre is a C∗-bundle over a family of conics over a line parametrized by a2, with
some excluded values. Looking at the previous sections, we get that
e(F ) = (q + 1)(q − 2)(q − 1)
The Z2-action that appears in the study of the monodromy of ν leaves the line fixed and turns
C∗ inside out. We get that
e(F )ν = q(q + 1)(q − 2)
and therefore
R(Z64/Z2) = (q + 1)(q − 2)qT − (q + 1)(q − 2)N
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• Z74/Z2 The fibre was a C∗-bundle over two lines intersecting at the origin with two points
removed in each one. Therefore,
e(F ) = (2q − 5)(q − 1).
The action of ν identifies both lines and also turns C∗ inside-out, so the quotient of the lines is
a single punctured line C∗ minus two points, and the quotient of C∗ by this action is C. Hence
e(F )ν = ((q − 2)q − (q − 3))
and:
R(Z74/Z2) = (q
2 − 3q + 3)T + (q2 − 4q + 2)N
• Z84/Z2 In this last stratum the fibre F was a C∗-bundle over a hyperbola of equation B2 = A2−4,
where (A,B) ∼ (−A,−B) and some excluded points: two at infinity, (2, 0) ∼ (−2, 0) and(
1+λ√
λ
, 1−λ√
λ
) ∼ (− 1+λ√
λ
,− 1−λ√
λ
)
and
(
1+λ√
λ
,− 1−λ√
λ
) ∼ (− 1+λ√
λ
, 1−λ√
λ
)
.
ν leaves the infinity points and (2, 0) ∼ (−2, 0) invariant, it turns C∗ inside-out and also
interchanges the two excluded points
1 + λ√
λ
−→ 1 +
1
λ
(
√
λ)−1
=
λ+ 1√
λ
1− λ√
λ
−→ 1−
1
λ
(
√
λ)−1
= − (1− λ)√
λ
We get that
e(F ) = (q − 1)(q − 4), e(F )ν = q(q − 3) + 1
obtaining
R(Z84 ) = (q
2 − 3q + 1)T + (−2q + 3)N
Adding all up, we finally obtain:
R(Z4/Z2) = q3T −N
We have proved the following proposition
Proposition 7. The Hodge monodromy representation of the fibration Z4/Z2 −→ C − {±2} factors
through Z2. If we write T,N for the trivial and non-trivial representation respectively, then
(17) R(Z4/Z2) = q3T −N
Remark 8. Note that if we denote by R(Z4/Z2) = cT + dN , we get that:
R(Z4) = (c+ d)T = (q
3 − 1)T
Besides, applying (8)
e(Z4/Z2) = (q − 2)a− b = q4 − 2q3 + 1
4. Character varieties of curves of genus g ≥ 2
Let g ≥ 1 be any natural number. We define the following sets:
• Zg0 = {(A1, B1, . . . , Ag, Bg) ∈ PGL(2,C)2g |
∏g
i=1[Ai, Bi] = Id}.
• Zg1 = {(A1, B1, . . . , Ag, Bg) ∈ PGL(2,C)2g |
∏g
i=1[Ai, Bi] = − Id}.
• Zg2 = {(A1, B1, . . . , Ag, Bg) ∈ PGL(2,C)2g |
∏g
i=1[Ai, Bi] = J+ =
(
1 1
0 1
)
}.
• Zg3 = {(A1, B1, . . . , Ag, Bg) ∈ PGL(2,C)2g |
∏g
i=1[Ai, Bi] = J− =
(−1 1
0 −1
)
}.
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• Zg4,λ = {(A1, B1, . . . , Ag, Bg) ∈ PGL(2,C)2g |
∏g
i=1[Ai, Bi] = ξλ =
(
λ 0
0 λ−1
)
}, where λ ∈
C− {0,±1}.
• Zg4 = {(A1, B1, . . . , Ag, Bg, λ) ∈ PGL(2,C)2g × (C− {0,±1}) |
∏g
i=1[Ai, Bi] =
(
λ 0
0 λ−1
)
}.
and the fibration
Zg4 −→ C− {0,±1}
whose fibres are Zg4,λ. There is an action of Z2 on Z
g
4 given by (A1, . . . , Bg, λ) 7→ (P−10 A1P0, . . . , P−10 BgP0, λ−1),
with P0 =
(
0 1
1 0
)
and the associated quotient fibration Z4/Z2 → C−{±2}. With this notation, the
building blocks Zi of Section 3 are just Z
1
i .
We introduce the following notation. Let
e˜g0 = e(Z
g
0), e˜
g
1 = e(Z
g
1), e˜
g
2 = e(Z
g
2), e˜
g
3 = e(Z
g
3) ∈ Z[q].
be the E-polynomials of the genus g representation spaces, and let us also consider the Hodge monodromy
representation of Z4 → C − {±2}. We will see that the monodromy group is Γ = Z2, generated by ν2
around the puncture 2 of C − {±2} so that the ring R(Γ) is generated by the trivial and non-trivial
representations T and N respectively, as it happened when the genus was equal to 1. Therefore, we
write
(18) R(Zg4/Z2) = a˜gT + b˜gN,
where a˜g, b˜g ∈ Z[q]. For each g ≥ 1, we have the following vector
vg = (e˜g0, e˜
g
1, e˜
g
2, e˜
g
3, a˜g, b˜g)
consisting of six polynomials. Section 3 gives us v1, and we will use induction to compute vg.
In the following sections we aim to prove the following result by induction on g.
Theorem 9. For all g ≥ 1, the Hodge monodromy representation of Zg4 is of the form (18), and
e˜g0 = (q
3 − q)2g−1 + q(q2 − 1)2g−1 + 1
2
(q(q − 1)(q2 + q)2g−1 + (q − 2)(q + 1)(q2 − q)2g−1),
e˜g1 = (q
3 − q)2g−1 + q(q2 − 1)2g−1 − 1
2
((q − 1)(q2 + q)2g−1 + (q + 1)(q2 − q)2g−1),
e˜g2 = (q
3 − q)2g−1 + 1
2
(−q(q2 + q)2g−1 + (q − 2)(q2 − q)2g−1),
e˜g3 = (q
3 − q)2g−1 + 1
2
((q2 + q)2g−1 − (q2 − q)2g−1),
a˜g = (q3 − q)2g−1 + 1
2
((q2 + q)2g−1 − (q2 − q)2g−1),
b˜g = (q2 − 1)2g−1 − 1
2
((q2 + q)2g−1 + (q2 − q)2g−1).
To compute the E-polynomials of Z
g
i , the idea for induction was already used for SL(2,C) in [20]
and can be replicated again for PGL(2,C), using this time the basic blocks computed in Section 3. Let
g = k + h. We can consider a connected sum decomposition Σk+h = Σk#Σh. If we know vk, vh, and
given that R(Zk4/Z2), R(Zh4/Z2) are of the form (18), then we can obtain the E-polynomial information
for Zg via the following gluing identity
(19)
k+h∏
i=1
[Ai, Bi] = C ⇐⇒
k∏
i=1
[Ai, Bi] = C
h∏
i=1
[Bk+i, Ak+i].
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which allows us to stratify Zgi as follows.
E-polynomial of Z
g
0. Let us fix C = Id and using (19), we decompose Z
k+h
0 =
⊔
Wi, where
• W0 = {(A1, B1, . . . , Ak+h, Bk+h) |
∏k
i=1[Ai, Bi] =
∏h
i=1[Bk+i, Ak+i] = Id} ∼= Zk0 × Zh0 .
• W1 = {(A1, B1, . . . , Ak+h, Bk+h) |
∏k
i=1[Ai, Bi] =
∏h
i=1[Bk+i, Ak+i] = − Id} ∼= Zk1 × Zh1 .
• W2 = {(A1, B1, . . . , Ak+h, Bk+h) |
∏k
i=1[Ai, Bi] =
∏h
i=1[Bk+i, Ak+i] ∼ J+}. There is a fibre
bundle U → PGL(2,C)× Zk2 × Zh2 →W2
• W3 = {(A1, B1, . . . , Ak+h, Bk+h) |
∏k
i=1[Ai, Bi] =
∏h
i=1[Bk+i, Ak+i] ∼ J−}. Again, U →
PGL(2,C)× Zk3 × Zh3 →W3.
• W4 = {(A1, B1, . . . , Ak+h, Bk+h) |
∏k
i=1[Ai, Bi] =
∏h
i=1[Bk+i, Ak+i] ∼
(
λ 0
0 λ−1
)
, λ 6= 0,±1}.
To compute e(W4), we define
W 4 = {(A1, B1, . . . , Ak+h, Bk+h, λ) |
k∏
i=1
[Ai, Bi] =
h∏
i=1
[Bk+i, Ak+i] =
(
λ 0
0 λ−1
)
, λ 6= 0,±1},
which produces fibrations
(20) W 4 → C− {0,±1}, W 4/Z2 → C− {±2}
where we are taking the usual Z2-action given by permutation of the eigenvectors. The Hodge mon-
odromy representation of W 4/Z2 is
R(W 4/Z2) =R(Zk4/Z2)⊗R(Zh4/Z2)
= (a˜ka˜h + b˜k b˜)T + (a˜k b˜h + b˜ka˜h)N(21)
which we will write as R(Z
k
4/Z2) = AT + BN , where A = a˜ka˜h + b˜k b˜ and B = a˜ka˜h + b˜k b˜h. Noting
that W4 ∼= ((PGL(2,C)/D)×W 4)/Z2 and applying (3),(8)
e(W4) = e(PGL(2,C)/D)+e(W 4/Z2) + e(PGL(2,C)/D)−e(W 4)−
= (q2 − q)e(W 4/Z2) + q e(W 4)
= (q2 − q)((q − 2)A−B) + q((q − 3)(A+B))(22)
= (q3 − 2q2 − q)A− 2qB.
The above computations and the stratification of Zk+h0 gives
e(Zk+h0 ) = e(Z
k
0)e(Z
h
0 ) + e(Z
k
1)e(Z
h
1 ) + (q
2 − 1)e(Zk2)e(Zh2 ) + (q2 − 1)e(Zk3)e(Zh3 ) + e(W4),(23)
where we have used that e(PGL(2,C)) = q3 − q and so e(PGL(2,C)/U) = q2 − 1. If we set k = g − 1,
h = 1, and substitute the values A,B from (21 ) into (22), and the values of the building blocks v1 from
Section 3, we obtain
e˜g0 = e(Z
g
0) = + (q
4 + q3 − q2 − q)eg−10 + (q3 − q)eg−11(α)
+ (q5 − 2q4 − q3 + 2q2 + 2q2)eg−12 + (q5 − q3)eg−13
+ (q6 − 2q5 − q4 + 2q)ag−1 + (−2q4 − q3 + 2q2 + q)bg−1.
22 J. MARTI´NEZ
E-polynomial of Z
g
1. When C = − Id, using (19) we can stratify Zk+h1 =
⊔
W ′i , where
• W ′0 = {(A1, B1, . . . , Ak+h, Bk+h) |
∏k
i=1[Ai, Bi] = −
∏h
i=1[Bk+i, Ak+i] = Id} ∼= Zk0 × Zh1 .
• W ′1 = {(A1, B1, . . . , Ak+h, Bk+h) |
∏k
i=1[Ai, Bi] = −
∏h
i=1[Bk+i, Ak+i] = − Id} ∼= Zk1 × Zh0 .
• W ′2 = {(A1, B1, . . . , Ak+h, Bk+h) |
∏k
i=1[Ai, Bi] = −
∏h
i=1[Bk+i, Ak+i] ∼ J+}, and there is a
fibre bundle U → PGL(2,C)× Zk2 × Zh3 →W2.
• W ′3 = {(A1, B1, . . . , Ak+h, Bk+h) |
∏k
i=1[Ai, Bi] =
∏h
i=1[Bk+i, Ak+i] ∼ J−} and U → PGL(2,C)×
Zk3 × Zh2 →W3.
• W ′4 = {(A1, B1, . . . , Ak+h, Bk+h) |
∏k
i=1[Ai, Bi] = −
∏h
i=1[Bk+i, Ak+i] ∼
(
λ 0
0 λ−1
)
, λ 6=
0,±1}.
The Hodge monodromy representation R(W
′
4/Z2) is given by R(W
′
4/Z2) = R(Zh4 ) ⊗ R(τ∗(Zk4)),
where τ(λ) = −λ. Since the monodromy is an involution, R(τ∗(Zk4)) = R(Zk4), so we obtain that
R(W
′
4/Z2) = R(W 4/Z2) and therefore e(W ′4) = e(W4).
We obtain
e(Zk+h1 ) = e(Z
k
0)e(Z
h
1 ) + e(Z
k
1)e(Z
h
1 ) + (q
2 − 1)e(Zk2)e(Zh3 ) + (q2 − 1)e(Zk3)e(Zh2 ) + e(W4),(24)
For k = g − 1, h = 1, replacing the values of the building blocks of v1, we obtain
e˜g1 = e(Z
g
1) = (q
3 − q)eg−10 + (q4 + q3 − q2 − q)eg−11(β)
+ (q5 − q3)eg−12 + (q5 − 2q4 − q3 + 2q2 + 2q2)eg−13
+ (q6 − 2q5 − q4 + 2q)ag−1 + (−2q4 − q3 + 2q2 + q)bg−1.
E-polynomials of Zg2, Z
g
3.
Proposition 10. The E-polynomials of the Jordan cases, e˜g2, e˜
g
3, can be expressed in terms of the E-
polynomials of Lg−1 = (e˜g−10 , e˜
g−1
1 , e˜
g−1
2 , e˜
g−1
3 , a˜
g−1, b˜g−1) as
e˜g2 = (q
3 − 2q2)e˜g−10 + q3e˜g−11 + (q5 + q4 − 3q3 + 3q2)e˜g−12 + (q5 − 3q3)e˜g−13
+ (q6 − 2q5 − 3q4 + 4q3)a˜g−1 + (−2q4 + 2q3)b˜g−1
e˜g3 = q
3e˜g−10 + (q
3 − 2q2)e˜g−11 + (q5 − 3q3)e˜g−12 + (q5 + q4 − 3q3 + 3q2)e˜g−13
+ (q6 − 2q5 − 3q4 + 4q3)a˜g−1 + (−2q4 + 2q3)b˜g−1
Proof. For the positive Jordan case, where C = J+, relation (19) can be written as
ν =
h∏
i=1
[Bk+i, Ak+i] =
(
a b
c d
)
, δ =
k∏
i=1
[Ai, Bi] = J+ν =
(
a+ c b+ d
c d
)
.
Let t1 = tr ν, t2 = tr δ. Note that c = t2−t1. A stratification of Zg2 can be given using the map Zg −→ C2
given by ρ 7→ (tr ν, tr δ), as it was done in [17] for SL(2,C)-character varieties. The stratification
distinguishes when any of the traces is equal to ±2, the case t1 = t2 and the generic case, when
t1 6= t2 6= ±2. The matrices ν and δ are defined in terms of commutators, so they are invariant for
the torus action when passing from SL(2,C) to PGL(2,C) and therefore, the PGL(2,C)-case can be
obtained from the stratification given for the SL(2,C)-case just by quotienting each stratum by the torus
action. Each of those quotients corresponds to the spaces Zki . In other words, the stratification given
in [20] for the Jordan positive case provides a stratification for Z
g
2 if we replace the basic blocks X
k
i by
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their quotients, the PGL(2,C)-representation spaces Zki . Looking at [20, Section 6], we obtain
e(Zk+h2 ) = e(Z
k
2)e(Z
h
0 ) + e(Z
k
0)e(Z
h
2 )− 2e(Zk2)e(Zh2 ) + e(Zk3)e(Zh1 ) + e(Zk1)e(Zh3 )− 2e(Zk3)e(Zh3 )
+ q (e(Zk2) + e(Z
k
3) + e(Z
k
4/Z2))(e(Zh2 ) + e(Zh3 ) + e(Zh4/Z2)) + q (e(V 5)− e(V 5/Z2)).(25)
where V 5 −→ C− {0,±1} is the product bundle V5 ∼= Zk4 ×C−{0,±1} Z
h
4 , which has Hodge monodromy
representation R(V 5) = R(Z
h
4 )⊗ R(Z
k
4) = (a˜ka˜h + b˜k b˜h)T + (a˜k b˜h + a˜hb˜k)N . Setting k = g − 1, h = 1
in (25), and replacing the values for v1, we get
e˜g2 = (q
3 − 2q2)e˜g−10 + q3e˜g−11 + (q5 + q4 − 3q3 + 3q2)e˜g−12 + (q5 − 3q3)e˜g−13(γ)
+ (q6 − 2q5 − 3q4 + 4q3)a˜g−1 + (−2q4 + 2q3)b˜g−1
The negative Jordan case is worked out similarly. Relation (19), and the stratification used in [20,
Section 7] lead to the following relation
e(Zk+h3 ) = e(Z
k
2)e(Z
h
1 ) + e(Z
k
0)e(Z
h
3 )− 2e(Zk2)e(Zh2 ) + e(Zk3)e(Zh0 ) + e(Zk1)e(Zh2 )− 2e(Zk2)e(Zh3 )
+ q (e(Zk2) + e(Z
k
3) + e(Z
k
4/Z2))(e(Zh2 ) + e(Zh3 ) + e(Zh4/Z2)) + q (e(V ′5)− e(V ′5/Z2)).
where V
′
5
∼= Z4 × τ∗(Z4). Setting k = g − 1, h = 1 and using the values of the building blocks in v1
gives
e˜g3 = q
3e˜g−10 + (q
3 − 2q2)e˜g−11 + (q5 − 3q3)e˜g−12 + (q5 + q4 − 3q3 + 3q2)e˜g−13(δ)
+ (q6 − 2q5 − 3q4 + 4q3)a˜g−1 + (−2q4 + 2q3)b˜g−1

E-polynomials of R(Z
g
4).
Proposition 11. The Hodge monodromy representation R(Zg4) can be written in terms of the elements
of genus 1 and g − 1, v1, Lg−1, as
R(Z
g
4) = (a˜
g + b˜g)T = ((q3 − 1)e˜g−10 + (q3 − 1)e˜g−11
+ (q5 − 3q3 + 2q2)e˜g−12 + (q5 − 3q3 + 2q2)e˜g−13
+ (q6 − 2q5 − 2q4 + 4q3 − 3q2 + 2)ag−1 + (−q4 − 2q2 + 2q + 1)bg−1)T
Proof. The idea is similar to the proof of Proposition 10. Relation (19) is given in this case by the
equations
ν =
h∏
i=1
[Bk+i, Ak+i] =
(
a b
c d
)
, δ =
k∏
i=1
[Ai, Bi] = ξλν =
(
λa λb
λ−1c λ−1d
)
.
where t1 = tr ν, t2 = tr δ and λ determine a, d, and bc = ad− 1. The monodromy of Z4 7→ C− {0,±1}
can be studied stratifying Z4 = unionsq7i=1W
′′
i in terms of the different values for (t1, t2) ∈ C2, where each
W
′′
i can again be obtained as the quotient by the torus action of its corresponding stratum in the
SL(2,C)-stratification obtained in [20]. Therefore, the substitution of each SL(2,C)-block Xki by its
corresponding quotient Zki in [20, Section 8] leads to the relation
R(Zk+h4 ) = (q − 1)(e(Zk2) + e(Zk3) + e(Zk4/Z2))(e(Zh2 ) + e(Zh3 ) + e(Zh4/Z2))T
+ (e(Zk0) + e(Z
k
1) + (q − 1)e(Zk2) + (q − 1)e(Zk3))R(Zh4 )(26)
+ (e(Zh0 ) + e(Z
h
1 ) + (q − 1)e(Zh2 ) + (q − 1)e(Zh3 ))R(Zk4) + qR(V
′′
)
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where V
′′
is the quotient of the fibration R(Z6) that appears in [20, Section 8]. Its Hodge monodromy
representation is R(V
′′
) = (q− 5)(ak + bk)(ah + bh)T . Setting k = g− 1, h = 1 in (26) gives the desired
result. 
Finally, an additional equation for vg can be obtained from the fact that SL(2,C)2g = unionsqiZi. If we
recall that e(SL(2,C)) = (q3 − q) and we apply (8), we obtain
(q3 − q)2g = e˜g0 + e˜g1 + (q2 − 1)e˜g2 + (q2 − 1)e˜g3 + (q − 2)a˜g − b˜g
but also, for g − 1,
(q3−q)2g = (q3−q)2(q3−q)2g−2 = (q3−q)2(e˜g−10 + e˜g−11 +(q2−1)e˜g−12 +(q2−1)e˜g−13 +(q−2)a˜g−1− b˜g−1)
Combining both equations produces the following relation
e˜g0 + e˜
g
1 + (q
2 − 1)e˜g2 + (q2 − 1)e˜g3 + (q − 2)a˜g − b˜g = (q3 − q)2(e˜g−10 + e˜g−11
+ (q2 − 1)e˜g−12 + (q2 − 1)e˜g−13 + (q − 2)a˜g−1 − b˜g−1)(27)
If we substitute in (27) the values of e˜g0, e˜
g
1, e˜
g
2, e˜
g
3 obtained in (α), (β), (γ),(δ) we obtain
() a˜g = q3e˜g−10 + q
3e˜g−11 + (q
5− 3q3)e˜g−12 + (q5− 3q3)e˜g−13 + (q6− 2q5− 2q4 + 4q3 + q2)a˜g−1− 2q4b˜g−1
(ζ) b˜g = −e˜g−10 − e˜g−11 + 2q2e˜g−12 + 2q2e˜g−13 + (−4q2 + 2)a˜g−1 + (q4 − 2q2 + 2q + 1)b˜g−1
Equations (α), (β), (γ), (δ), (), (ζ) can be summarized in the following proposition:
Proposition 12. There exists a 6 × 6 matrix M with coefficients in Z[q] such that the vectors vg =
(e˜g0, e˜
g
1, e˜
g
2, e˜
g
3, a˜
g, b˜g) satisfy, for all g ≥ 1.
(28) (vg)t = M(vg−1)t
The starting vector is v0 = (1, 0, 0, 0, 0, 0) and M is the following matrix
(29)

q4 + q3 − q2 − q q3 − q q5 − 2q4 − q3 + 2q2 q5 − q3 q6 − 2q5 − q4 + 2q −2q4 − q3 + 2q2 + q
q3 − q q4 + q3 − q2 − q q5 − q3 q5 − 2q4 − q3 + 2q2 q6 − 2q5 − q4 + 2q −2q4 − q3 + 2q2 + q
q3 − 2q2 q3 q5 + q4 − 3q3 + 3q2 q5 − 3q3 q6 − 2q5 − 3q4 + 4q3 −2q4 + 2q3
q3 q3 − 2q2 q5 − 3q3 q5 + q4 − 3q3 + 3q2 q6 − 2q5 − 3q4 + 4q3 −2q4 + 2q3
q3 q3 q5 − 3q3 q5 − 3q3 q6 − 2q5 − 2q4 + 4q3 + q2 −2q4
−1 −1 2q2 2q2 −4q2 + 2 q4 − 2q2 + 2q + 1

As a consequence, we obtain closed formulas for the E-polynomials e˜gi of the representation spaces
Z
g
i , i = 0 . . . 3 and for the Hodge monodromy representation of Z
g
4 for arbitrary genus.
E-POLYNOMIALS OF PGL(2,C)-CHARACTER VARIETIES 25
Theorem 13. For all g ≥ 1,
e˜g0 = (q
3 − q)2g−1 + q(q2 − 1)2g−1 + 1
2
(q(q − 1)(q2 + q)2g−1 + (q − 2)(q + 1)(q2 − q)2g−1)
e˜g1 = (q
3 − q)2g−1 + q(q2 − 1)2g−1 − 1
2
((q − 1)(q2 + q)2g−1 + (q + 1)(q2 − q)2g−1)
e˜g2 = (q
3 − q)2g−1 + 1
2
(−q(q2 + q)2g−1 + (q − 2)(q2 − q)2g−1)
e˜g3 = (q
3 − q)2g−1 + 1
2
((q2 + q)2g−1 − (q2 − q)2g−1)
a˜g = (q3 − q)2g−1 + 1
2
((q2 + q)2g−1 − (q2 − q)2g−1)
b˜g = (q2 − 1)2g−1 − 1
2
((q2 + q)2g−1 + (q2 − q)2g−1)
Proof. It is a direct consequence of Proposition 12. From (28), we can diagonalize M = PDP−1 over
Z[q], where P and D are
P =

−(q2 − 2q − 3) −(q + 1) −(q − 1)2 q − 1 q 1
0 q + 1 0 −(q − 1) q 1
−(q − 3) −1 q − 1 −1 0 1
0 1 0 1 0 1
1 0 −1 0 0 1
1 0 1 0 1 0

, D =

(q2 − q)2 0 0 0 0 0
0 (q2 − q)2 0 0 0 0
0 0 (q2 + q)2 0 0 0
0 0 0 (q2 + q)2 0 0
0 0 0 0 (q2 − 1)2 0
0 0 0 0 0 (q3 − q)2

Setting vg = PDgP−1 gives the desired formulas. 
From this result we derive the E-polynomials of the moduli spaces of Theorem 1 where the GIT
quotient is geometric, dividing by the respective stabilizer.
Theorem 14. For all g ≥ 1,
e(Mg− Id) = e(Zg1)/(q3 − q) = (q3 − q)2g−2 + (q2 − 1)2g−2 −
1
2
((q2 + q)2g−2 + (q2 − q)2g−2)
e(MgJ+) = e(Z
g
2)/q = (q
2 − 1)(q3 − q)2g−2 + 1
2
(−q(q + 1)(q2 + q)2g−2 + (q − 2)(q − 1)(q2 − q)2g−2)
e(MgJ−) = e(Z
g
3)/q = (q
2 − 1)(q3 − q)2g−2 + 1
2
((q + 1)(q2 + q)2g−2 − (q − 1)(q2 − q)2g−2)
e(Mgλ) = e(Zg4,λ)/(q − 1) = (a˜g + b˜g)/(q − 1) = (q2 + q)(q3 − q)2g−2 + (q + 1)(q2 − 1)2g−2 − q(q2 − q)2g−2
Corollary 15. Let g ≥ 1. The Hodge monodromy representation of the space Mpar that parametrizes
the set of parabolic PGL(2,C)-character varieties for λ 6= 0,±1 given by
R(Mλ) = ((q2 + q)(q3 − q)2g−2 + (q + 1)(q2 − 1)2g−2 − q(q2 − q)2g−2)T
Proof. We have thatMpar =
⊔
λ 6=0,±1Mλ = Zg4/C∗. Since R(Zg4) = (a˜g + b˜g)T , the result follows from
Theorem 13 dividing by e(C∗) = q − 1. 
We obtain the following corollary, which was also true for SL(2,C):
Corollary 16. For all g ≥ 1,
e(MgJ−(PGL(2,C))) + (q + 1)e(M
g
− Id(PGL(2,C))) = e(Mgλ(PGL(2,C)))
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5. E- polynomial of the moduli space of representations
To compute the E-polynomial of MgId, we will first compute the E-polynomial of the reducible locus
Zred0 using stratifications. Then
e(MId) = e(MirrId ) + e(MredId ),
where the first E-polynomial can be computed as e(MirrId ) = e(Z0)−e(Zred0 )/e(PGL(2,C)) (the quotient
is geometric) and the latter can be computed directly as follows.
Recall that a reducible representation given by (A1, B1, . . . , Ag, Bg) ∈ SL(2,C)2g is S-equivalent to:
(30)
((
λ1 0
0 λ−11
)
,
(
λ2 0
0 λ−12
)
, . . . ,
(
λ2g 0
0 λ−12g
))
under the Z2-action (λ1, . . . , λ2g) ∼ (λ−11 , . . . , λ−12g ), and the Z2g2 -action given by λi ∼ −λi, i = 1 . . . 2g.
To get rid of the latter, we can take the parameters µi = λ
2
i ∈ C∗; the first action takes then (µ1, . . . , µ2g)
to (µ−11 , . . . , µ
−1
2g ). We obtain:
e(MredId ) = e((C∗)2g/Z2)
= (e(C∗)+)2g +
(
2g
2
)
(e(C∗)+)2g−2(e(C∗)−)2 + . . .+
(
2g
2g − 2
)
(e(C∗)+)2(e(C∗)−)2g−2 + (e(C∗)−)2g
=
1
2
(
(q − 1)2g + (q + 1)2g) .
A reducible representation will happen if there is a common eigenvector. If we lift the representation to
SL(2,C), with respect to a suitable basis it will be of the form:
ρ =
((
λ1 a1
0 λ−11
)
,
(
λ2 a2
0 λ−12
)
, . . . ,
(
λ2g a2g
0 λ−12g
))
,
that can be identified with (C∗ × C)2g. The condition ∏gi=1[Ai, Bi] = Id is rewritten as
(31)
g∑
i=1
λ2i(λ
2
2i−1 − 1)a2i − λ2i−1(λ22i − 1)a2i−1 = 0.
For the PGL(2,C)-case, we need to consider the quotients for the 2g Z2-actions given by (ai, λi) ∼
(−ai,−λi), i = 1 . . . 2g. As it was done in the SL(2,C)-case, we can stratify the reducible locus in four
cases, which are in fact compatible with the Z2-actions, and compute in this way the PGL(2,C)-case.
They are
• R1, given by (a1, . . . , a2g) ∈ C〈λ1 − λ−11 , . . . , λ2g − λ−12g 〉, and (λ1, . . . , λ2g) 6= (±1, . . . ,±1).
We can conjugate the representation to the diagonal form (30) and assume that ai = 0, so
that the stabilizer is the set of diagonal matrices D. To take into account the Z2g2 -action,
we may define µi = λ
2
i , so that we obtain a slice for the conjugacy action parametrized by
(µ1, . . . , µ2g) ∈ B := (C∗)2g − {(1, . . . , 1)}. We have a diagram as in [20],
C∗ → PGL(2,C)×B → R˜1
|| ↓ ↓
C∗ → (PGL(2,C)×B)/Z2 → R1
Now, since
e(B/Z2) =
1
2
((q − 1)2g + (q + 1)2g)− 1
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the total E-polynomial of this stratum is
e(R1) = (q
2 − q)e(B/Z2) + q e(B)
= (q2 − q)
(
1
2
((q − 1)2g + (q + 1)2g)− 1
)
+ q((q − 1)2g − 1)
= (q3 − q)1
2
(
(q − 1)2g−1 + (q + 1)2g−1)− q2.
• R2, defined by (a1, . . . , a2g) 6∈ C〈λ1 − λ−11 , . . . , λ2g − λ−12g 〉, and (λ1, . . . , λ2g) 6= (±1, . . . ,±1).
Condition (31) defines a hyperplane H in C2g, from which we exclude a line corresponding
to the condition for (a1, . . . , an). The Z2g2 -actions take (ai, λi) to (−ai,−λi). Writing A =
(C∗)2g − {(±1, . . . ,±1)}, we get a fibration H − l→ A→ A, so that
e(A/Z2g2 ) = e(A/Z2g2 )e(H − l/Z2g2 )
= ((q − 1)2g − 1)(q2g−1 − q).
since the quotient of the hyperplane H ∼= C2g−1 under each of the Z2-actions is again isomorphic
to C2g−1 (and therefore, for each action, e(H − l)− = 0). Now, writing U ′ ∼= D × U for
the upper triangular matrices, the set of reducible representations can be given as a fibration
U ′ → A/Z2g2 × PGL(2,C) → R2 (note that the Z2-actions do not interfere with the conjugacy
action of PGL(2,C)). Therefore
e(R2) = ((q − 1)2g − 1)(q2g−1 − q)(q3 − q)/(q2 − q)
= (q + 1)(q2g−1 − q)((q − 1)2g − 1).
• R3, given by (a1, . . . , a2g) = (0, . . . , 0), (λ1, . . . , λ2g) = (±1, . . . ,±1), which is precisely when
Ai, Bi = ± Id. There are 22g points, which get identified under the Z2g2 -action. So
e(R3) = 1.
• R4, which is given by the case (a1, . . . , a2g) 6= (0, . . . , 0), (λ1, . . . , λ2g) = (±1, . . . ,±1). There
is at least one matrix of Jordan type, so D acts projectivizing the set (a1, . . . , a2g) ∈ C2g −
{(0, . . . , 0)} and the Z2g2 -actions allow us to reduce to the case where λ1 = . . . = λ2g = 1. The
stabilizer is isomorphic to U . Therefore
e(R4) = (q
2g − 1)(q + 1)
We have obtained that the E-polynomial of the reducible locus in Xg0 is
e(R) = e(R1) + e(R2) + e(R3) + e(R4)
= (q3 − q)
(
1
2
((q + 1)2g−1 − (q − 1)2g−1) + q2g−2 + (q − 1)(q2 − q)2g−2
)
.
To obtain the irreducible locus,
e(I) = e(Xg0 )− e(R)
= (q3 − q)
(
(q3 − q)2g−2 + (q2 − 1)2g−2 − (q2 − q)2g−2 + 1
2
q2g−1((q − 1)2g−2 + (q + 1)2g−2)
−1
2
((q + 1)2g−1 − (q − 1)2g−1)− q2g−2 − (q − 1)(q2 − q)2g−2
)
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Finally,
e(MgId) = e(I)/e(PGL(2,C)) + e(MredId )
= (q3 − q)2g−2 + (q2 − 1)2g−2 − q(q2 − q)2g−2 − q2g−2
+
1
2
q2g−1((q − 1)2g−2 + (q + 1)2g−2) + 1
2
q((q + 1)2g−1 + (q − 1)2g−1)
which completes the proof of Theorem 1.
Topological consequences. We state some consequences that can be derived from Theorem 1. The
first one is the Euler characteristic ofMC , that can be obtained evaluating e(MC) at q = 1. The value
χ(M− Id) agrees with the result obtained in [10].
Corollary 17. Let X be a complex curve of genus g ≥ 2. The Euler characteristics of the character
varieties MC(PGL(2,C)) are
χ(MId) = 3 · 22g−3 − 1
χ(M− Id) = −22g−3
χ(MJ+) = −22g−2
χ(MJ−) = 22g−2
χ(Mξλ) = 0
Corollary 18. Let X be a complex curve of genus g ≥ 2. The spaces MId and M− Id are of dimension
6g − 6 and the spaces MJ+ ,MJ− ,Mξλ are of dimension 6g − 4. All of them have a unique component
of maximal dimension.
Proof. The degree of e(MC) gives the dimension of the character variety and its leading coefficient the
number of irreducible components of maximal dimension. The result follows from Theorem 1. 
Mirror symmetry between SL(2,C),PGL(2,C)-character varieties
The relation between mirror symmetry and character varieties for Langlands dual groups has been
object of study in recent years. Clasically, if we look at MDol(PGL(n,C)) and MDol(SL(n,C)), both
spaces can be regarded as fibrations over a common base, the Hitchin base ASL(n,C) ∼= APGL(n,C), so
that the generic fibres are dual abelian varieties. If the complex structure is changed, then the de Rham
moduli spacesMdR(SL(n,C)),MdR(PGL(n,C)) become special Lagrangian fibrations that satisfy the
conditions for the SYZ setup [11]. Inspired by these situations, the following conjecture for the Betti
moduli space was proposed in [12], called the Topological Mirror Test, which was proved in several cases
(n = 4, or prime):
Conjecture 19. For all d, e ∈ Z, such that (d, n) = (e, n) = 1, we have
eB
e
st (x, y,MdB(SL(n,C))) = eBˆ
d
st (x, y,MeB(PGL(n,C)))
where the stringy E-polynomial est for orbifolds X/Γ was defined in [11],
est(X/Γ, u, v) =
∑
[γ]
E(Xγ/C(γ), LBγ , u, v)(uv)
F (γ),
where B is a flat unitary gerbe, C(γ) denotes the centralizer of γ in G, Lγ is a line bundle associated
to B and F (γ) is an integer called the fermionic shift. Stringy Hodge polynomials arose in string
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theory to take into account the singularities of a variety with orbifold singularites (more generally,
Gorenstein singularities). They agree with the E-polynomial of a crepant resolution, when there is
one [15]. Conjecture 19 for n = 2 and d odd was already proved in [10] and it agrees with our result:
MdB(SL(2,C)) isM− Id(SL(2,C)) in our notation and it is smooth, so the stringy E-polynomial concides
with the ordinary one. The difference between the E-polynomials of the SL(2,C) and the PGL(2,C)-
character varieties e(M− Id) is precisely the stringy contribution coming from the non-trivial elements
of Γ = Z2g2 :
e(M− Id(SL(2,C)))− e(M− Id(PGL(2,C))) =
∑
[γ] 6=1
e(Xγ/C(γ), LBγ )q
F (γ)
= (22g − 1)q2g−2
(
(q − 1)2g−2 − (q + 1)2g−2
2
)
so that est(M− Id(SL(2,C))) = est(M− Id(PGL(2,C))).
In addition, an interesting picture occurs when we consider these stringy differences for the whole
range of moduli spaces MC(PGL(2,C)) and MC(SL(2,C)) for arbitrary holonomy C at the puncture.
The E-polynomials of the SL(2,C)-character varieties were computed in [20]. We recall a particular
result: the Hodge monodromy representation of X4/Z2, given by
R(X4/Z2) = agT + bgS2 + cgS−2 + dgS0 ∈ R(Z2 × Z2)[q]
where T is the trivial representation and S±2 are trivial over ±2 and non trivial over ∓2 and S0 =
S2 ⊗ S−2, with coefficients [20, Theorem 7]
ag = (q3 − q)2g−1 + 1
2
q2g−1
(
(q + 1)2g−1 − (q − 1)2g−1) ,
bg = 22g−1(q2 − q)2g−1 − 22g−1(q2 + q)2g−1 + 1
2
q2g−1
(
(q + 1)2g−1 − (q − 1)2g−1) ,
cg = 22g−1(q2 − q)2g−1 + 22g−1(q2 + q)2g−1 − 1
2
q2g−1
(
(q + 1)2g−1 + (q − 1)2g−1) ,
dg = (q2 − 1)2g−1 − 1
2
q2g−1
(
(q + 1)2g−1 + (q − 1)2g−1) ,
Note that ag = a˜g and dg = b˜g. If we look at the differences of the E-polynomials of the SL(2,C)-
representation spaces Xi, e
g
i , and the their respective PGL(2,C)-versions Zi, e˜
g
i , we observe the following
relation with the Hodge monodromy representation of X4/Z2
e0 − e˜0 = (q3 − q)(22g − 1)
(
(q2 − q)2g−2 + (q2 + q)2g−2
2
)
= qcg + bg
e1 − e˜1 = (q3 − q)(22g − 1)
(
(q2 − q)2g−2 − (q2 + q)2g−2
2
)
= qbg + cg(32)
e2 − e˜2 = (22g − 1)
(
(q2 − q)2g−1 − (q2 + q)2g−1
2
)
= bg
e3 − e˜3 = (22g − 1)
(
(q2 − q)2g−1 + (q2 + q)2g−1
2
)
= cg
e4,λ − e˜4,λ = (22g − 1)(q2 − q)2g−1 = bg + cg
We note that the differences have a simple description in terms of bg and cg, the non-invariant terms in
R(X4/Z2). There is also a certain symmetry in the expressions: the differences for e0 and e1 and for
the non-semisimple cases e2 and e3 get interchanged under the permutation b
g ↔ cg, that leaves the
parabolic case unaffected. The permutation corresponds to the map τ(z) = −z, that induces a map of
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Hodge monodromy representations τ∗(R(X4/Z2) = agT + cgS2 + bgS−2 + dgS0. We can summarize it
in the following theorem.
Theorem 20. Let G = SL(2,C), and let Gˆ = PGL(2,C) be its Langlands dual group. The differences
between the E-polynomials of the G, Gˆ-character varieties associated to punctured Riemann surfaces
can be expressed in terms of the coefficients of the Hodge monodromy representation of the fibration
X4/Z2 → C− {±2},
R(X4/Z2) = agT + bgS2 + cgS−2 + dgS0
These differences are the following:
e0 − e˜0 = (q3 − q)(22g − 1)
(
(q2 − q)2g−2 + (q2 + q)2g−2
2
)
= qcg + bg
e1 − e˜1 = (q3 − q)(22g − 1)
(
(q2 − q)2g−2 − (q2 + q)2g−2
2
)
= qbg + cg(33)
e2 − e˜2 = (22g − 1)
(
(q2 − q)2g−1 − (q2 + q)2g−1
2
)
= bg
e3 − e˜3 = (22g − 1)
(
(q2 − q)2g−1 + (q2 + q)2g−1
2
)
= cg
e4,λ − e˜4,λ = (22g − 1)(q2 − q)2g−1 = bg + cg
where ei, e˜i, i = 1 . . . 4 are the E-polynomials of the SL(2,C), PGL(2,C)-representation spaces for C =
Id,− Id, J+, J−, ξλ respectively.
Remark 21. If we write Ei = ei − e˜i, i = 1 . . . 4 for the differences between the PGL(2,C) and the
SL(2,C) cases, it is immediate to deduce that
E0 + (q − 1)E2 = qE4, E1 + (q − 1)E3 = qE4,λ.
The second identity is also immediate from Corollary 16 and its SL(2,C)-version in [20], whereas the
first can be derived from the identities
e0 + (q − 1)e2 = qe4,λ + (q2 − q)2g, e˜0 + (q − 1)e˜2 = qe˜4,λ + (q2 − q)2g.
For G = SL(n,C) and G = PGL(n,C), it is natural to conjecture an extension of Theorem 20 for
arbitrary n. In that case, we would have that the representation spaces XC that correspond to the
moduli spaces MC(SL(n,C)) fibre over M(F1, SL(n,C)) ∼= Cn−1,
Xg(SL(n,C))→ Cn−1
(A1, B1, . . . , Ag, Bg) 7→ charpoly(C) = charpoly
(
2g∏
i=1
[Ai, Bi]
)
the isomorphism being given by the coefficients of the characteristic polynomial. The character varieties
corresponding to the Higgs bundles moduli space, where C = ζ Id and ζ is a primitive n-th root of
unity, lie inside the discriminant locus 4 ⊂ Cn−1, where the multiplicity of some of the eigenvalues is
greater than one and there are non-semisimple conjugacy classes over those points. We can consider
the set of parabolic character varieties with semisimple holonomy C of multiplicities of type (1, . . . , 1),
that is, such that all its eigenvalues are different. If we write ξλ = Diag(λ) for the diagonal matrix C of
eigenvalues λ = (λ1, . . . , λn−1) (recall that λn = λ−11 . . . λ
−1
n−1, since C ∈ SL(n,C)), we get a fibration
Xξλ −→ B
where B = (C∗)n−1 − ⋃i<j{λi = λj}. The symmetric group Sn acts on the base permuting the
eigenvectors and on the total space of the fibration Xξλ by conjugation by a suitable permutation
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matrix. This produces a fibration Xξλ/Sn → B/Sn, which has Hodge monodromy representation
R(Xξλ). We conjecture
Conjecture 22. The difference e(XC(SL(n,C)))− e(XC(PGL(n,C))) is described by the coefficients
of the Hodge monodromy representation R(Xξλ/Sn).
It is expected that such differences obey a Sn-symmetric pattern as it occurred in the n = 2 case.
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